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Abstract
In his recent investigations involving differential operators for some generalizations of the classi-
cal Laguerre polynomials, H. Bavinck [J. Phys. A Math. Gen. 29 (1996) L277–L279] encountered
and proved a certain summation identity for the classical Laguerre polynomials. The main object
of this sequel to Bavinck’s work is to prove a generalization of this summation identity for the
Srivastava–Singhal polynomials. The demonstration, which is presented here in the general case,
differs markedly from the earlier proof given for the known special case. It is also indicated how
the general summation identity can be applied to derive the corresponding result for one class of the
Konhauser biorthogonal polynomials.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction and motivation
By making use of the differential operator, Bavinck [1] proved the following summation
identity for the classical Laguerre polynomials L(α)n (x):
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k=j
kmL
(α+j)
k−j (x)L
(−α−l−1)
l−k (−x) = (−x)mδl,j+2m
(
x,α ∈ C; j, l,m ∈ N0 := {0,1,2, . . .}; l  j + 2m
)
, (1)
where δm,n denotes the Kronecker symbol and
L(α)n (x) :=
n∑
k=0
(
α + n
n − k
)
(−x)k
k! =
(
α + n
n
)
1F1(−n;α + 1;x) (2)
in terms of the confluent hypergeometric 1F1 function. Indeed, as already pointed out by
Bavinck [1, p. L279], the summation identity (1) was encountered in connection with cer-
tain differential operators for generalized Laguerre polynomials.
Our main object in the present sequel to Bavinck’s work [1] is to establish an interesting
generalization of the summation identity (1) to hold true for the Srivastava–Singhal poly-
nomials G(α)n (x, r, β, κ) (of degree n in xr and in α), which were defined by Srivastava and
Singhal [6] by means of the following Rodrigues-type formula:
G(α)n (x, r, β, κ) :=
x−α−κn
n! exp(βx
r)
(
xκ+1 d
dx
)n{
xα exp(−βxr)} (n ∈ N0), (3)
where the parameters α, β , r , and κ are unrestricted, in general (with, of course, κ = 0).
The polynomials G(α)n (x, r, β, κ) defined by (3) and represented explicitly by [6, Eq. (2.1),
p. 77]
G(α)n (x, r, β, κ)=
κn
n!
n∑
k=0
(−βxr)k
k! ∆
k
α,r
(
α
κ
)
n
, (4)
where
∆kα,rf (α) :=
k∑
j=0
(−1)k−j
(
k
j
)
f (α + rj), (5)
were investigated systematically by Srivastava and Singhal [6] in an attempt to present
a unified theory of the various known generalizations of the classical Hermite polyno-
mials Hn(x) and the classical Laguerre polynomials L(α)n (x) (see, for details, [6]; see
also [5, Chapter 1, Sections 1.8 and 1.9]). We choose to recall here the following relation-
ships with these classical orthogonal polynomials (cf. [6, p. 76]):
Hn(x) := (−1)n exp(x2) d
n
dxn
{
exp(−x2)}= (−1)nHn(−x)
= n!
(−x)nG
(0)
n (x,2,1,−1)=
n!
(−x)nG
(1−n)
n (x,2,1,1) (6)
and
L(α)n (x) :=
x−αex
n!
dx
dxn
{xα+ne−x} = G(α+n)n (x,1,1,−1)
= G(α+1)n (x,1,1,1) = G(α+1)n (−x,1,−1,1). (7)
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satisfy the following biorthogonality property [3, p. 303]:
∞∫
0
xαe−xY αm(x; κ)Zαn(x; κ) dx =
Γ (α + κn + 1)
n! δm,n(
m,n ∈ N0; (α) > −1; κ ∈ N := N0 \ {0}
)
, (8)
it is also known that [5, Eq. 7.6(19), p. 381]
Yαn (x; κ)= κ−nG(α+1)n (x,1,1, κ)= κ−nG(α+1)n (−x,1,−1, κ) (κ ∈ N) (9)
and
Y (α)n (x;1)= L(α)n (x) = Zαn (x;1). (10)
2. A general summation identity
Our proposed generalization of the summation identity (1) is given by Theorem 1 below.
Theorem 1. For every polynomial Pm(x) of degree m in x ,
p∑
k=0
Pm(k)G(α)k (x, r, β,1)G(−α−n+1)p−k (x, r,−β,1)
= (−1)n−1Pm(−α)δn,p+1 + P
(m)
m (0)
m! (−βrx
r)mδn,(r+1)m(
m,n,p, r ∈ N0; p + 1 n (r + 1)m
)
. (11)
Proof. First of all, the Srivastava–Singhal polynomials G(α)n (x, r, β, κ) are known to pos-
sess the following linear generating function [6, Eq. (3.2), p. 78]:
∞∑
k=0
G
(α)
k (x, r, β, κ)t
k = (1 − κt)−α/κ exp(βxr[1 − (1 − κt)−r/κ])
(|t| < |κ |−1; κ = 0) (12)
as well as its generalization in the form (cf. [4, Eq. (4.6), p. 762]; see also [2, Eq. (3.9),
p. 365]):
∞∑
k=0
kmG
(α)
k (x, r, β, κ)t
k
= (1 − κt)−α/κ exp(βxr[1 − (1 − κt)−r/κ])
×
m∑
k=0
k!S(m,k)G(α)k
(
x
(1 − κt)1/κ , r, β, κ
)(
t
1 − κt
)k
(
m ∈ N0; κ = 0; |t| < |κ |−1
)
, (13)
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S(n, k) := 1
k!
k∑
j=0
(−1)k−j
(
k
j
)
jn, (14)
so that
s(n,0) = δn,0 =
{
1 (n = 0),
0 (n ∈ N), (15)
and
n∑
k=0
(−1)k(x)kS(n, k) = (−x)n. (16)
We now define
Qp(m,x) :=
p∑
k=0
kmG
(α)
k (x, r, β,1)G
(−α−n+1)
p−k (x, r,−β,1). (17)
Then, by (12) and (13), we have
∞∑
p=0
Qp(m,x)z
p =
( ∞∑
k=0
kmG
(α)
k (x, r, β,1)z
k
)( ∞∑
k=0
G
(−α−n+1)
k (x, r,−β,1)zk
)
= (1 − z)n−1
m∑
k=0
k!S(m,k)G(α)k
(
x
1 − z , r, β,1
)(
z
1 − z
)k (|z| < 1). (18)
Thus, in view of the Cauchy integral formula, we find from (18) that
Qp(m,x) =
m∑
k=0
k!S(m,k) 1
2πi
∮
Cε
G
(α)
k
(
x
1 − z , r, β,1
)
(1 − z)n−k−1zk
zp+1
dz, (19)
where the closed contour Cε (0 < ε < 1) in the complex z-plane is a circle of radius ε
(centered at z = 0), which is described in the positive (counter-clockwise) direction.
After a change of variable given by
z = 1
ζ
and dz = − 1
ζ 2
dζ,
(19) readily yields
Qp(m,x) =
m∑
k=0
k!S(m,k)
× 1
2πi
∮
C∗1/ε
G
(α)
k
(
ζx
ζ − 1 , r, β,1
)
ζ p−n+1
ζ
(ζ − 1)n−k
ζ − 1 dζ. (20)
Since p  n − 1 and n (r + 1)m, it is easy to see that
ζ p−n+1(ζ − 1)n−kG(α)k
(
ζx
, r,β,1
)ζ − 1
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integers m, n, p, and r . Therefore, by the Cauchy residue theorem, it follows that
Qp(m,x) =
m∑
k=0
k!S(m,k)
[
lim
ζ→0
{
ζ p−n+1(ζ − 1)n−k−1G(α)k
(
ζx
ζ − 1 , r, β,1
)}
+ lim
ζ→1
{
ζ p−n(ζ − 1)n−kG(α)k
(
ζx
ζ − 1 , r, β,1
)}]
. (21)
Next, from the explicit representation (4) with κ = 1, we get
lim
ζ→0
{
ζ p−n+1(ζ − 1)n−k−1G(α)k
(
ζx
ζ − 1 , r, β,1
)}
= (−1)n−k−1G(α)k (0, r, β,1)δn,p+1 = (−1)n−k−1
(α)k
k! δn,p+1 (22)
and
lim
ζ→1
{
ζ p−n(ζ − 1)n−kG(α)k
(
ζx
ζ − 1 , r, β,1
)}
= 1
k! limζ→1
{
(−β[ζx/(ζ − 1)]r )k
k! (ζ − 1)
n−k∆kα,r (α)k
}
= 1
k! ·
1
k!(−βx
r)kδn,(r+1)k · k! rk
=
{0 (k = 0,1, . . . ,m − 1),
(−βrxr )m
m! δn,(r+1)m (k = m).
(23)
Upon substituting from (22) and (23) into (21), we find that
Qp(m,x) = (−1)n−1
(
m∑
k=0
k! δ(m,n)(−1)
k
k! (α)k
)
δn,p+1
+ m!S(m,m)(−βrx
r)m
m! δn,(r+1)m,
which, in light of (16), yields
Qp(m,x) = (−1)n−1(−α)mδn,p+1 + (−βrxr)mδn,(r+1)m(
m,n,p, r ∈ N0; p + 1 n (r + 1)m
)
. (24)
Finally, the assertion (11) of Theorem 1 follows immediately from (24) for every poly-
nomial Pm(x) of degree m in x . 
3. Remarks and observations
By the generating function (12), it is easy to see that
κ−kG(α)k (x, r, β, κ)= G(α/κ)k
(
xκ,
r
, β,1
)
. (25)κ
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Pm(k) =Qm(k + j), n → n + 1, p = l − j, α → α
κ
,
r → r
κ
, and x → xκ,
if we make use of (25), the general result (11) would yield the summation identity asserted
by Theorem 2 below.
Theorem 2. For the Srivastava–Singhal polynomials Gαn(x, r,β, κ) defined by (3),
l∑
k=j
Qm(k)G(α)k−j (x, r, β, κ)G(−α−κn)l−k (x, r,−β,κ)
= κl−j
[
(−1)nQm
(
j − α
κ
)
δl,j+n +
(
−βrx
r
κ
)mQ(m)m (0)
m! δn,(1+r/κ)m−1
]
(
j, l,m,n, r/κ ∈ N0; l − j  n
(
1 + r
κ
)
m − 1
)
, (26)
Qm(x) being any polynomial of degree m in x .
By appealing to the relationships in (9), we can easily reduce the assertion (26) of Theo-
rem 2 in terms of the Konhauser biorthogonal polynomials Yαn (x; κ) (κ ∈ N). In the case of
the classical Laguerre polynomials, the relationships in (7) in conjunction with (26) would
similarly yield the general summation identity (27) below.
Theorem 3. For every polynomialQm(x) of degree m in x ,
l∑
k=j
Qm(k)L(α)k−j (x)L(−α−n−2)l−k (−x)
= (−1)nQm(j − α − 1)δl,j+n + Q
(m)
m (0)
m! (−x)
mδn,2m−1
(j, l,m,n ∈ N0; l − j  n 2m− 1). (27)
By setting
n = l − j − 1, αi → α + j, and Qm(k) = km,
the assertion (27) of Theorem 3 immediately yields Bavinck’s summation identity (1) for
the classical Laguerre polynomials.
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